In this paper, we study a class of damped vibration systems,
Introduction
In this paper, we consider the following damped vibration system:
u(t) + Bu(t) -L(t)u(t) + ∇W t, u(t) = , ∀t ∈ R, (.)
where u ∈ R N , B is an antisymmetric N × N constant matrix, L ∈ C(R, R N×N ) is a symmetric matrix-valued function, and W ∈ C  (R × R N , R). As usual, we say that a solution u of system (.) is homoclinic to zero if u ∈ C  (R, R N ), u(t) → , andu(t) →  as |t| → ∞.
In addition, if u(t) ≡ , then u(t) is called a nontrivial homoclinic solution.
Homoclinic orbits have been found in various models of continuous dynamical systems and play an important role in the study of the behavior of dynamical systems; see [] . Thus, the study of homoclinic orbits has become one of the most important directions in the research of dynamical systems.
When B = , system (.) reduces to the following second order Hamiltonian system:
u(t) -L(t)u(t) + ∇W t, u(t) = , ∀t ∈ R. (  .  )
As a special case of dynamical systems, Hamiltonian systems play an important role in practical problems concerning relativistic mechanics, gas dynamics, nuclear physics, fluid mechanics. With the aids of the variational methods, the existence and multiplicity of homoclinic orbits for (.) have been extensively investigated in many recent papers; see [-] .
Compared with the case where B = , the case where B =  is more difficult. The study of homoclinic orbits for system (.) has attracted a lot of attention by many researchers; see [-] 
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and there exist constants κ ∈ (, ) and R  >  such that
(H  ) There exists a >  such that
Then system (.) has infinitely many nontrivial homoclinic orbits.
In [] , W (t, u) being asymptotically quadratic as |u| → ∞, by using the variant fountain theorem, Chen obtained the following result.
, and (H  ) hold. Moreover, we assume that the following conditions are satisfied: We will use the following conditions:
Now, we state our main result. 
where g : R → R is bounded continuous function such that g ≡ . It is easy to check that W (t, u) satisfies all conditions of Theorem ., but it does not satisfy condition (H  ) of Theorem .. 
It is easy to check that W (t, u) satisfies all conditions of Theorem ., but it does not satisfy condition (H  ) of Theorem .. Set
It is easy to check that W (t, u) satisfies all conditions of Theorem ., but it does not satisfy condition (H  ) of Theorem ..
The remainder of this paper is organized as follows. In Section , some preliminary results are presented. In Section , we give the proof of Theorem ..
Preliminaries
In this section, we give the variational setting for (.) and some related preliminary lemmas. Let X := H  (R, R N ) be a Hilbert space with the inner product and the norm given, respectively, by
We define an operator
Since B is an antisymmetric N × N constant matrix, K is self-adjoint on X. Moreover, we denote by J the self-adjoint extension of the operator -
, which is a Hilbert space equipped with the inner product and norm given by
By Lemma ., the spectrum σ (J) consists of eigenvalues numbered by η  ≤ η  ≤ · · · ≤ η k ≤ · · · → ∞ (counted in their multiplicities) and a corresponding system of eigenfunc-
and
Thus, we have the orthogonal decomposition
with respect to the inner product ·, · E . Now we introduce on E the following inner product:
and the norm
It is easy to verify that · E and · are equivalent; see [] . Evidently, the aforementioned decomposition is also orthogonal with respect to both inner products (·, ·)  and ·, · . Define the functional on E by
(t)u(t), u(t) -W t, u(t) dt
It follows from the assumptions that is defined on E and belongs to C  (E, R), and one can easily check that 
i=b i e i , by the Cauchy-Schwartz inequality, one has
. Thus we have proved thatβ(ς) = .
By Lemma ., we can choose a positive integer k  ≥ n + +  such that
In order to prove our main result, we need the following lemma.
Lemma . ([]) Let E be an infinite dimensional Banach space and ∈ C  (E, R) be even, satisfy the (PS) condition, and () = . If X = Y ⊕ Z, where Y is finite dimensional, and satisfies
is bounded from below on Z; (S  ) for each finite dimensional subspace E ⊂ E, there are positive constants ρ = ρ( E) and
Then possesses infinitely many nontrivial critical points.
Remark . As shown in [], a deformation lemma can be proved with condition (C) replacing (PS) condition, and it turns out that Lemma . holds true under condition (C).
We say that satisfies condition (C), i.e. for any {u n } ⊂ E, {u n } has a convergent subsequence if (u n ) is bounded and ( + u n ) (u n ) →  as n → ∞.
Proof of Theorem 1.3
Lemma . Suppose that (W  ) and (W  ) are satisfied. Then is bounded from below on Z.
Proof By virtue of (W  ), (W  ), (.), (.), and (.), we have
as u → ∞ and u ∈ Z k  . The proof is completed.
Lemma . Assume that (H  ) holds. Then for each finite dimensional subspace E ⊂ E, there are positive constants ρ = ρ( E) and α
Proof Let E ⊂ E be any finite dimensional subspace. Then there exists M  >  such that
By virtue of (H  ), for M  given above, there exists a constant σ > ,
In view of (.), for any u ∈ E with u ≤
The proof is completed.
Lemma . Under the assumptions of Theorem ., satisfies condition (C).
Proof Let {u n } ⊂ E is a (C) sequence of , that is, { (u n )} is bounded and
for every n ∈ N. We choose k ≥ n + +  large enough such that
where m  = sup t∈R [sup x∈R N ,|x|= (S(t)x, x)]. We now prove that {u n } is bounded in E. In fact, if not, we may assume by contradiction that u n → ∞ as n → ∞. Let u n =w n +ṽ n , z n = u n u n , then z n = , z n = w n + v n ∈ E, where w n =w n u n , v n =˜v n u n ,w n ∈ Y k ,ṽ n ∈ Z k . After passing to a subsequence, we have z n z, w n → w, and γ = lim n→∞ v n exists.
By virtue of (H  ), for any η > , there exists M  >  such that
For any ε > , define ε := {t ∈ R : |w(t)| ≥ ε} and nε := {t ∈ R :
claim that there exists ε  >  such that
Otherwise, for any positive integer m, there exists w m ∈ Y k with w m =  such that
Passing to a subsequence if necessary, we may assume
Evidently, w  = . By the equivalence of the norms on the finite dimensional space Y k , we have
Thus there exists ε  >  such that
In fact, if not, then, for all positive integers m, we have
Hence w  = , which contradicts that w   = . Thus, (.) holds. Now set 
